We study optimal adaptive grazing management under uncertain rainfall in a discrete-time model. As in each year actual rainfall can be observed during the short rainy season, and grazing management can be adapted accordingly for the growing season, the closed-loop solution of the stochastic optimal control problem does not only depend on the state variable, but also on the realization of the random rainfall. This distinguishes optimal grazing management from the optimal use of most other natural resources under uncertainty, where the closed-loop solution of the stochastic optimal control problem depends only on the state variables. Solving this unusual stochastic optimization problem allows us to critically contribute to a long-standing controversy over how to optimally manage semi-arid rangelands by simple rules of thumb.
Introduction
Semi-arid areas cover a large part of the Earth. They are characterized by low and highly variable precipitation. Livestock grazing is the predominant type of land use, providing the livelihood for more than a billion people. Yet, income from livestock grazing is associated with large uncertainties, as the productivity of the pastures depends strongly on the low and highly variable precipitation (Behnke et al. 1993 , Sullivan and Rhode 2002 , Westoby et al. 1989 . In many semi-arid areas, in particular in Sub-Saharan Africa, the sparse yearly rainfall is concentrated in a distinct and short rainy season that is followed by the growing season of the grassland vegetation. For a risk-averse farmer, the challenge of rangeland management is to optimally adapt to this highly variable and highly uncertain rainfall, taking into account ecosystem dynamics.
More or less sophisticated grazing management strategies have been developed in South Africa and Namibia that adapt stocking rates to the amount of rainfall that has been observed in the current year's rainy season. They come in the form of rules that specify how to stock depending on the actual rainfall during the current year's rainy season. Specific rules that have been proposed by rangeland scientists include a low constant stocking density 1 (Lamprey 1983, Dean and MacDonald 1994) , or "opportunistic" strategies that match the stocking rate with the available forage in every year (Behnke et al. 1993 , Scoones 1994 , Sandford 1994 , Westoby et al. 1989 .
A more sophisticated strategy is to leave a fixed part of the pasture ungrazed in years with abundant rainfall ("resting in rainy years"), i.e. stocking is less than the grazing capacity of the pasture in such a year, while the pasture is used fully in years with low precipitation (Walter and Volk 1954 , Rothauge 2007 In this paper, the stocking density refers to the number of livestock per hectare of rangeland while the stocking rate refers to the ratio of livestock number and available forage on the pasture in a given year. et al. 2007, Baumgärtner and Quaas 2009) . A number of studies have studied stylized, parametrized grazing management rules and attempted to determine optimal management rules by computing the parameter(s) of a given rule that maximizes some objective function (Janssen et al. 2004 , Higgins et al. 2007 , Hein and Weikard 2008 . Both among scientists and farmers there is a long-standing controversy over which of these rules is more appropriate, and what difference rangeland or rainfall characteristics may make for that sake.
In this paper we study optimal adaptive grazing management under rainfall uncertainty in a simple rangeland model in discrete time. In contrast to most previous studies on grazing management in semi-arid areas, we fully determine the optimal grazing management rule by solving the stochastic dynamic optimization problem of a risk-averse farmer. A particular feature of rangeland management in semi-arid areas is the temporal structure within a year, with a distinct rainy season that provides the possibility to adapt the stocking rate to actual rainfall already in the current grazing season. Optimal management thus does not only depend on the current state of the vegetation, but also on the observed rainfall. In technical terms, the closed-loop solution of the stochastic optimal control problem does not only depend on the state variable, but also on the realization of the random variable. This distinguishes optimal grazing management from the optimal use of most other natural resources under uncertainty, for example fisheries or mineral ore extraction, where the closed-loop solution of the stochastic optimal control problem depends only on the state variables (e.g. Reed 1979 , Pindyck 1984 , Sethi et al. 2005 , Costello and Polasky 2008 . The other important difference to most studies on the use of stochastic natural resources is that we consider a risk-averse farmer. For risk-neutral decision makers, efficient management strategies have been derived before for fisheries (e.g. Reed 1979 , Costello et al. 2001 ) and for semi-arid rangelands by Weikard and Hein (forthcoming), who show that the efficient stocking rate is not sustainable. Solving the stochastic optimization problem allows us to numerically derive the optimal grazing management rule for a risk-averse farmer, i.e. derive the optimal stocking rate as a function of the state of the rangeland and the current year's actual rainfall.
Thus, we can critically contribute to the long-standing controversy over how to optimally manage semi-arid rangelands by simple management rules. We show that an adaptive grazing management strategy with resting in years with good rainfall ("resting in rainy years") is optimal if the state of the vegetation is not extremely good and if rainfall is within reasonable limits. If the vegetation is in a very good condition, an "opportunistic" strategy with full stocking is optimal (Westoby et al. 1989) . A low constant stocking density is not optimal, except for a very risk averse farmer and only in a range of intermediate rainfall and vegetation conditions. In any case, optimal grazing management strongly depends on the farmer's degree of risk aversion.
The paper is organized as follows. In the following Section 2, we describe the model. We analytically characterize optimal grazing management rules for the case of deterministic and constant rainfall in Section 3, and study optimal grazing management in the stochastic setting in Section 4. In Section 5, we discuss our results and conclude.
Stochastic model of semi-arid rangelands
We consider a model in discrete time that captures the periodic structure of the rangeland dynamics in many semi-arid areas, in particular in Sub-Saharan Africa.
There is a distinct and relatively short rainy season that brings an uncertain amount of rainfall, followed by the growing season of the grassland vegetation. Given the state of the vegetation and the actual amount of rainfall during the rainy season, the farmer can estimate how much forage will be available on the rangeland for the year until the next rainy season. The time structure within a time period (a year) thus is the following: (i) rain falls, (ii) the farmer adapts the stocking rate, (iii) the state of vegetation develops depending on the previous state of vegetation, rainfall, and grazing pressure.
We consider two quantities to describe the grassland vegetation at each time t: green biomass G t and reserve biomass R t of a representative grass species. 2 The green biomass captures all photosynthetic ('green') parts of the plants, while the reserve biomass captures the non-photosynthetic reserve organs ('brown' parts) of the plants below or above ground (Noy-Meir 1982) . The green biomass develops during the growing season in each year and dies almost completely in the course of the dry season. We therefore describe it as a flow variable on the yearly timescale.
The quantity G t of green biomass in year t after the end of the growing season depends on rainfall r t in the current year, on the amount of reserve biomass R t in that
year, and on a growth parameter w G . In particular, we assume that green biomass grows in proportion to rainfall, i.e. with a constant rain-use efficiency (Lehouerou 1984) , and also in proportion to reserve biomass:
Rainfall is stochastic and described by the independently and identically distributed (iid) random variable r t . We assume a log-normal distribution of rainfall r t ∼ LN (µ r , σ r ), as this is an adequate description for semi-arid areas (Sandford 1982) . The log-normal distribution is determined by the mean µ r and standard deviation σ r of rainfall. We measure rainfall in units of ecologically effective rain events,
i.e. the number of rain events during the rainy season with a sufficient amount of rainfall to be ecologically productive.
The reserve biomass R t is a stock variable describing the state of the vegetation.
It quantifies the parts of the grass that survive beyond the current year ('perennial grass'). Thereby, the dynamics of the vegetation is not only influenced by the current precipitation, but also depends on the history of precipitation and grazing. The net growth of the reserve biomass from the current year t to the next one is described by the following equation of motion:
(2)
The first term on the right-hand side of this equation describes the natural mortality of grass. The parameter d is the intrinsic mortality rate. In addition, mortality is density dependent -the more reserve biomass, the faster it decreases due to natural mortality. The second term describes the natural growth of reserve biomass. Growth is driven by photosynthetic activity, which is assumed to be in proportion to green biomass. This process is also density dependent: the more reserve biomass, the slower is natural growth. The capacity limit K regulates both density dependencies. 3
The factor in the middle of this term on the right-hand side of (2) captures the impact of grazing.
We use x t to denote the stocking rate, that is, the fraction of green biomass used as forage for livestock. Green biomass is used completely for grazing over the whole
year if x t = 1 and partly if 0 < x t < 1. Even with full stocking, x t = 1, growth of reserve biomass is not necessarily reduced to zero. For, the parameter c > 0 that captures the impact of grazing on the growth of reserve biomass may be less than one. This is because green biomass is not eaten up immediately by the livestock, and thus has some time to contribute to reserve biomass growth.
The farmer's income is assumed to be proportional to the green biomass used as forage for livestock, x t G t . The underlying assumption is that both the value of marketed products (meat, milk, offspring) and the costs of farming accrue in proportion to the green biomass used as forage. This means in particular that we 3 Note that K is not directly the "carrying capacity" of the rangeland (as e.g. in the logistic assume constant prices, which is an adequate assumption if products of livestock farming are sold at international markets where price uncertainty is uncorrelated to local rainfall. Using (1) and normalizing, income y t is given by
A grazing management rule x(R t , r t ) determines the stocking rate in year t as a function of the stock of reserve biomass and the actual amount of rainfall in the current year. The farmer chooses the grazing management rule x(R t , r t ) that optimizes the present value of utility, (1), (2) and (3) .
In the objective function, E denotes the expectancy operator over the path of rainfall events over the entire time horizon, and δ > 0 denotes the farmer's discount rate. We assume a non-linear objective function, i.e. η > 0. This non-linearity takes account of the farmer's preferences for a more constant stream of income over time, as well as aversion against income risk. In the following, we will refer to the parameter η as the farmer's risk aversion.
The optimal solution of the stochastic control problem (4) is characterized by the Bellman equation
Here, V (R t ) denotes the value function, that is, V (R t ) gives the maximal present value of utility that can be derived from the rangeland with state R t of reserve biomass. In order to derive (5), we have used (1) in (2) and defined the new parameter w = w G w R . Furthermore, we have inserted the expression for income (3) in the utility function (4). The expectancy operator E t in Equation (5) is taken over the distribution of rainfall in year t only.
We would like to emphasize that there is a significant difference between the stochastic optimization problem considered here and a typical stochastic programming problem: as rainfall is known in the year before the stocking rate is chosen, the expectancy operator E t extends over the whole expression on the right-hand side of (5). The x is chosen such as to adapt to the observed rainfall event r t .
3 Optimal grazing management rule with deterministic and constant rainfall
We start the analysis by considering the case of deterministic rainfall, i.e. zero standard deviation of rainfall, σ r = 0. This enables us to derive some analytical insights into the steady-state properties of the model. In this section, we use r (without subscript) to denote the constant level of rainfall, i.e. r ≡ r t ≡ µ r . In a steady state with a constant stocking rate x , the reserve biomass reaches a steadystate level R that is found by using the condition R t+1 = R t = R in (2):
If natural growth of reserve biomass is very high compared to natural mortality, i.e. w/d 1, the steady state reserve biomass approximately equals the capacity limit K. In any case, the steady-state stock of reserve biomass is smaller than the capacity limit, even in the case without grazing. It is easily checked that the steady-state reserve biomass is monotonically decreasing with the stocking rate x .
With deterministic rainfall the optimal stocking rate can be determined by the standard open-loop control problem that is solved by applying the Hamilton formalism. Straightforward calculations (see Appendix A) show that the stock of reserve biomass R and the stocking rate x in an interior steady state are given by
Note that neither the steady-state stock of reserve biomass nor the steady-state stocking rate depend on the risk aversion η.
As the stocking rate must not be negative or exceed one (in which case the available green biomass is entirely used as forage), corner solutions x = 0 or x = 1 are possible. The corner solution x = 1 is obtained if the rainfall exceeds a level r > 0, which is given in Appendix A (Equation A.15).
It is also possible that the reserve biomass reaches the lower boundaries x = 0 or R = 0. There are three candidates for rainfall levels at which one of the lower boundaries is reached. From Condition (8), we find that the optimal steady-state stocking rate in an interior solution would become zero at rainfall levels below r = (d − δ)/w (see Appendix A). This is not a solution to the optimization problem, however, as the reserve biomass would be depleted at zero stocking rate already at levels of rainfall below a threshold r 0 = d/w (cf. Condition 6). But even this threshold of rainfall does not apply, because a stocking rate x that would lead to depletion of the vegetation in the steady state is already optimal at rainfall levels below the threshold r = (d + δ)/w, which is found by setting R = 0 in Condition (7). The corresponding optimal stocking rate is x = δ/(c (δ + d)) (see Appendix A).
Result 1 With deterministic and constant rainfall, an optimal steady state with positive reserve biomass exists if and only if rainfall exceeds the threshold level r = (d + δ)/w. The levels of the stocking rate x and reserve biomass R in such an interior steady state are given by (8) and (7). The optimal steady-state stocking rate
x monotonically increases from 0 to 1 with the level of rainfall for rainfall levels r ≤ r ≤r. The optimal steady-state amount of reserve biomass R monotonically increases with the level of rainfall for r ≥ r . All these results are independent of the degree of risk aversion η.
This result is illustrated in Figure 1 , with parameter values as given in Table 1 .
These parameter values of the rangeland model (d, w, and c) , together with a mean of µ r = 1.2 and standard deviation of σ r = 0.7 ecologically effective rainfall events, are appropriate for rangelands in southern Namibia ). The capacity limit K may be interpreted as the 'size' of the rangeland. We normalized K such that the steady-state stock of reserve biomass in the absence of grazing is one.
[ Table 1 about As rainfall is assumed to be deterministic and constant, the closed-loop solution of the dynamic optimization problem (4) is a rule that determines the stocking rate as a function of the current stock of reserve biomass, x(R t ). We determine this optimal management rule by numerically computing the value function as a solution of (5). For this sake, we employ the collocation method (Miranda and Fackler 2002) , where the value function V (R) is approximated by a finite linear combination of Chebychev polynomials. 4 Given the value function, the grazing management rule is determined by solving the ordinary optimization problem stated on the right-hand side of (5). Figure 2 shows the resulting optimal grazing management rule for different values of risk aversion η. The constant level of rainfall r is set to µ r = 1.2, such that the steady-state reserve biomass without grazing would be R = 1 (cf. Equation 6). The other parameter values are as given in Table 1 .
[ Figure 2 about here.]
As seen in the figure, the optimal stocking rate is an increasing function of reserve biomass. The steady-state level of reserve biomass is apparent from the figure as the point where the grazing management rules for different values of η intersect. This is due to the fact that the steady state is independent of risk aversion (Result 1). The effect of risk aversion η on optimal grazing is also apparent from the figure. The lower the degree of risk aversion η, the more steeply does the optimal stocking rate x increase with reserve biomass R. For relatively small values of risk aversion η, the corner solution x(R) = 1 is reached at levels of the reserve biomass below the steady-state value without stocking, R = 1. For a high risk aversion, full stocking is not optimal even for a pristine pasture with R = 1. Rather, the optimal stocking rate in this case is below full stocking.
Result 2 With deterministic and constant rainfall, the optimal stocking rate x is an increasing function of reserve biomass R. The lower the degree of risk aversion η, (i) the more steeply it increases with reserve biomass, (ii) the higher the optimal stocking rate for below-steady-state-levels of reserve biomass, (ii) the lower the optimal stocking rate for above-steady-state-levels of reserve biomass, and (iv) the lower the level of reserve biomass from which on full stocking is optimal.
The intuition for this result is as follows. A steeper grazing management rule means that the steady state is approached more quickly, but also at higher intertemporal inequalities in resulting income. A fast increase in reserve biomass if it is below the steady state is due to the low stocking rate that, however, leads to a low income at the same time. On the other hand, a fast decrease in reserve biomass if it is above the steady state is due to the high stocking rate that leads to a high income at the same time. A farmer who does not care so much about intertemporal fluctuation, but who is impatient, prefers the faster, but intertemporally less equal path to the steady state.
Optimal grazing management rule with stochastic rainfall
With stochastic rainfall, the optimal grazing management rule depends not only on the state of reserve biomass, R t , but also on the actual amount of rainfall in the current year, r t . This dependency on the random variable's realization in the current year is what distinguishes optimal grazing management from the optimal use of most other natural resources under uncertainty (see Section 1).
We determine the optimal grazing management rule by numerically solving the Bellman equation (5). For this sake, we employ a modified version of Miranda and Fackler (2002) 's collocation method, implemented in Matlab, that allows the optimal grazing management rule to depend on the realization of the random rainfall event.
[ Figure 3 about here.]
In Figure 3 the resulting optimal grazing management rule is shown for two different values of risk aversion η ∈ {0.6, 1.0}; the other parameter values are given in Table 1 .
Lighter shades of gray in the contour plots indicate a lower stocking rate.
For both values of risk aversion, the optimal stocking rule depends on both the stock of reserve biomass and the amount of current rainfall if (i) the stock of reserve biomass is not too high and (i) the amount of rainfall is relatively low. The question of particular interest is, how the optimal stocking rate depends on the level of rainfall. This is the question we focus on in the following analysis.
If the stock of reserve biomass is high and and the farmer is not very risk averse (left graph in Figure 3 ), full stocking is optimal irrespective of the amount of rainfall.
This corresponds to an opportunistic grazing management strategy that matches the stocking rate with the available forage in every year, irrespective of the amount of rainfall (see Section 1). Thus, we have the following result.
Result 3 (opportunistic grazing) For a farmer with a relatively low degree of risk aversion, and for high levels of reserve biomass, an opportunistic grazing management strategy is optimal, i.e. full stocking is optimal irrespective of the amount of rainfall.
For a lower level of reserve biomass, or for a more risk-averse farmer, the optimal stocking changes with actual rainfall, provided the rainfall is above some threshold value. To see this effect more clearly we consider how the optimal stocking rate depends on rainfall, keeping the level of reserve biomass fixed. Figure 4 shows the optimal stocking rate as a function of current rainfall only, with the stock of reserve biomass fixed at R = 0.36, which is the steady state reserve biomass under deterministic rainfall (cf. Figure 2) . As evident from the figure, the optimal stocking rate depends on current rainfall in the following way. If rainfall is low, full stocking is optimal, i.e. x(R , r t ) = 1 for r t smaller than some threshold level r min . At a threshold level of about r min = 0.76, the optimal stocking rate starts to decrease steeply with an increasing amount of rainfall. This decrease is the steeper the higher the risk aversion is. As a consequence, for all levels of current rainfall above the threshold, the optimal stocking rate is the higher, the lower the risk aversion is. If risk aversion is very low, the optimal stocking rate reaches a minimum and increases again when current rainfall is very high. In contrast, for higher levels of risk aversion the optimal stocking rate monotonically decreases with the level of current rainfall.
The general finding, which is qualitatively the same for the different degrees of risk aversion considered, is stated in the following result.
[ Figure 4 about here.]
Result 4 (resting in rainy years) The optimal grazing management rule implies full stocking if current rainfall is below some threshold r min . For rainfall above this threshold, the optimal stocking rate is less than one, i.e. a part of the pasture is left ungrazed in years with abundant rainfall.
The intuition behind this result is the following. A high level of actual rainfall implies a large amount of green biomass in the current year. With a high stocking rate, this translates into a very high income in the current year. With a lower stocking rate, the remaining green biomass enhances the growth of reserve biomass, which increases the expected income in the following year. For a risk-averse farmer it is optimal to make use of this buffering function of the reserve biomass by employing a grazing management strategy with resting in rainy years. In years with good rainfall the farmer does not fully exploit the grazing capacity of the farm and thereby he shifts income to the next year with possibly worse conditions. The more risk averse the farmer is, the higher is the benefit from this buffering function and the more resting he applies in rainy years. For a very low degree of risk-aversion, and a very high level of current rainfall, it is however optimal to use a larger part the green biomass immediately and let only part of it build up the stock of reserve biomass.
For a very low level of actual rainfall, this line of reasoning does not apply, however, because at a low level of current income, a risk-averse values current income very high compared to expected future income. Thus, full stocking is optimal below a certain threshold of actual rainfall. For a level of reserve biomass of R = 0.36, as shown in Figure 4 , this threshold level is r min = 0.76. The comparison with Figure 3 shows that this threshold level r min of current rainfall below which full stocking rate is optimal depends on the stock of reserve biomass: The higher the current level of reserve biomass, the higher is r min .
When the farmer's degree of risk aversion is not very low, the optimal stocking rate, which is the ratio of livestock number and available forage on the pasture in a given year, decreases with the level of current rainfall. At the same time, given the stock of reserve biomass, the available forage on the pasture increases with current rainfall (cf. Equation 1). Thus, it may be hypothesized that the optimal stocking density, which is the number of livestock per hectare of rangeland, is (more or less) constant, i.e. independent of rainfall. Such a constant stocking density has been proposed as the adequate grazing management strategy in the literature (see Section 1). To explore the validity of this hypothesis, we consider the optimal stocking density as a function of actual rainfall in Figure 5 , again for a stock of reserve biomass of R = 0.36. As evident from the figure, the optimal stocking density is in general not independent of the level of actual rainfall, but rather an increasing and convex function of actual rainfall. An exemption may be the case of an extremely risk-averse farmer (η 1.5), and for actual rainfall above the threshold r min . This finding is stated in the following result.
Result 5 (constant stocking density) Optimal stocking density varies with both reserve biomass and rainfall. Only in the limiting case of extremely high risk aversion, stocking density approximately independent of rainfall, provided rainfall is above some threshold level.
[ Figure 5 about here.]
Conclusion and discussion
In this paper, we have analyzed a stochastic and dynamic model of rangeland management in semi-arid areas, and determined the optimal grazing management rule for a risk-averse farmer. Due to the particular intra-annual temporal structure of rangeland grazing, with a distinct rainy season that provides the possibility to adapt the stocking rate to actual rainfall already in the current grazing season, this optimal grazing management rule depends on both the current state of the vegetation, measured by the stock of reserve biomass in the model considered here, and on the level of actual rainfall in the current year.
Our results critically contribute to a long-standing controversy over how to optimally manage semi-arid rangelands by simple rules of thumb. We have shown that for high stocks of reserve biomass, and for farmers with a relatively low degree of risk aversion, an "opportunistic" strategy is optimal that matches the stocking rate with the available forage in every year. Thus, our analysis supports the recommendation of Behnke et al. (1993 ), Scoones (1994 , Sandford (1994) , Westoby et al. (1989) for farms where the rangeland is in a very good condition.
For lower stocks of reserve biomass, however, the optimal grazing management strategy is to apply a lower stocking rate in years in which current rainfall exceeds some threshold. In years with current rainfall below this threshold, on the other hand, full stocking is optimal. This result supports the "resting in rainy years"grazing management strategies that are applied by some farmers in southern Africa, especially under marginal agricultural conditions (Walter and Volk 1954 , Rothauge 2007 , Quaas et al. 2007 , Baumgärtner and Quaas 2009 ). The intuition for this result is that such adaptive grazing management rules with resting in years with abundant rainfall have a buffering function: they smooth income from livestock farming over time. Thus, the more risk-averse the farmer is, the more he will prefer a grazing management strategy with resting in rainy years. For a farmer with a very low degree of risk aversion, on the other hand, who does not care as much for this buffering function, the optimal strategy is to choose a higher stocking rate again in years with a very large amount of rainfall.
Our analysis suggests that a low constant stocking density is not a particularly good recommendation for grazing management. Except, possibly, for an extremely risk-averse farmer a constant stocking density is never optimal. 
For an interior solution, the first-order conditions are
In a steady state we have λ t+1 − λ t = 0. Omitting the time subscripts, and us-
From the condition for the steady-state reserve biomass R, Equation (6), we have
Using this result in (A.4), we get
The solution of this quadratic equation is
Since R cannot be greater than K, we obtain the result (7). Using (7) in (A.5), we find the steady-state stocking rate as given in (8). From Equation (7), we see that R is zero if rainfall is below a level r given by 1 − δ 2 [w r + d] Figure 3 : The optimal stocking rate (grayscale given in the panels right besides the graphs) under uncertainty for different values of risk aversion: η = 0.6 in the left graph and η = 1.0 in the right graph. The other parameter values are given in Table 1 . Figure 5 : The optimal stocking density x(R , r t ) G t (r t ) as a function of current rainfall r t under uncertainty for different values of risk aversion η for a given stock of reserve biomass R = 0.36. Parameter values are given in Table 1 .
Parameter

Symbol
Value mean rainfall µ r 1.2 standard deviation of rainfall σ r 0.7 intrinsic mortality rate d 0.15 intrinsic growth rate w 0.24 grazing impact c 0.5 capacity limit K 3.17 discount rate δ 0.05 Table 1 : Parameter values used in the numerical computations.
